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Abstract 
In this paper, we estimate the upper bound of the groups J,“‘l...,“L (ICI > l), where ki (i = 
1, . , 1) are either odd or even. Moreover, some groups Jkl’.‘.‘Icl are determined. 
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0. Introduction 
Let T be a smooth involution on a closed smooth manifold AP. From [l], we know 
that the fixed point set of T is a disjoint union uf=, F”-“1 of closed submanifolds 
Fnpka (i = 1,. . ,Z) of Mn, where ki (i = 1,. . . ,Z) are nonnegative integers and 
0 < k, < ... < kl < 7~. Let Jkl~...~lcl be the set of n-dimensional bordism classes in 7L 
MO,, (unoriented bordism group) which have such a representative. It is easy to see the 
following properties: 
(a) J,IY., ‘1 is a subgroup of MO,; 
(b)If{Ici; i=l,... ,I} c {hj; j = 1,. . . , t}, then J~l~~..~Ic~ c J,hl,...lht. 
The case in which all the components of the fixed point set have the same codimension 
k, that is J,, has been studied by many authors. For example, see [2,3,4,5,6]. In particular, 
Yue Qingqi in [3] gave a necessary and sufficient condition of (Y E J,” for all k, thus 
solving the problem completely. In this paper, we discuss the case in which the fixed 
point set does not have constant codimension, and determine some groups Jkl,...,kr. 
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Throughout this paper, the coefficient group is &, and both the manifolds and in- 
volutions are smooth, INi is the ith Stiefel-Whitney class. {Mn} denotes the bordism 
class of Mn, and [Mn] the fundamental homology class of Mn. CT~(CZ) denotes the ith 
elementary symmetric function C 21 . zi. RP(nl , . . , nk) denotes the Stong manifold 
and its dimension is nt + . + nk. + k - 1. Here we always suppose that Ict < . < kl. 
The authors express their gratitude to Prof. Wu Zhende, and Liu Zongze for many 
valuable comments and suggestions. 
1. Characteristic numbers of N E J$>...,kl (ICI > 1) 
Kosniowski and Stong [2] proved that 
Proposition 1.1. I” a E J:, then N E At’ = {p 1 p E MO,; every Stiefel-Whitney 
number of 0 divisible by a monomial Wzi, +I . Wzl,+l is zero} where s > n - 2k. 
In order to consider the characteristic numbers of Q E J$,,..!“1 (/q > l), first, let us 
prove the following two useful lemmas. 
Lemma 1.2. In the above proposition, let I, denote the number of all terms of i, = II: 
(nonnegative integer) in {icy; cy = 1,. . . , s}, then 
-&x+1)1, >n_ (2y+y;(:- 1). 
z=o 
Proof. Let 
&2i,, + 1) + 2 2j, = n, 
rU=l fl=l 
where s > n - 21c. If s = n, - 2k + 1, then we can obtain 
25,+25 -2k-1. 
a=1 p=1 @- 
Obviously this is impossible, and hence s 3 n - 21c + 2. From 
7L~2i:ia+S32~i,,+li-22k.+2, 
LX=1 ff=l 
we have Cz=, i oL < Ic - 1. It is easy to see that the number of all terms of i, 3 
y + 1 in {ia; a=1 ,..., s}iss-~~=oI~,~~wehave 
(1/+ 1) ( 1 s-&z </C-l. x=0 
Furthermore, we conclude that 
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~(~+l)I,~~I,~s-~~n_2~+2_~ 
X=0 x=0 
= n _ (2Y + 3)(k - 1) 
y+l . 
This proves the lemma. 0 
Lemma 1.3. Given the integer m > 1, let m < 2k1 < n. If (“‘c”) (i = 1,. . ,1) are 
all equal to each other whenever a, b < m, then there are the symmetric polynomial 
functions hj ( 1 + y, z) (1 < j < m) such that for each j, the functions hj (1 + ~1, . . . , 1 + 
yk,, zI,. . . , Z,_k,) for all ki (i = 1,. ,I) are same, the degree j term of hj( 1 + y, ,z) 
iso~((1+y,z)andj/2<degh~(l+y,z)<j. 
Proof. Consider(hyi$) (i=l,...,l)withp+q<h<m.Leta=p, b=h-p-q. 
We have a, b < m, and thus obtain that (hk_l&) (i = 1, . , I) are all equal to each 
other for all Ici. By [2, p. 317, Lemma] again, it follows that for each j (1 6 j < 
m), a,(1 +?/I,...,1 +Yk,,~l,~.~, &_k,) for all ki (i = 1,. ,i) are same. 
For j < 2, choose 
k, 
h(l +y,z)=c~(l +Y,z)- 1 > 0 
h2(1 +y,z)=m(l +Y,z) - 
ki 0 2 
For 2 < j < m, as in the proof of [2, p. 318, Lemma], we see that there are the 
symmetric polynomial functions f[j/z] (1 + y, z), g[jp (1 + y, z) of degree less than or 
equal to 2[j/2], such that for each j, fb/21(1 + y, z) for all ki (i = 1,. . , I) are same, 
as are the functions g[j/z] (1 + y, .z), and both f[j/21(1 + ye , . . . , 1 f yk,, ZI , . . , z,,-lc,) = 
q/21 (y)+ higher degree terms and qjp] (1 +YI, . . . , 1 +yrc,, ZI, . . . , h-k,) = qjp](z)+ 
higher degree terms (here [j/2] denotes the integer part of j/2). Using the above fc and 
gc (1 < c < [m/2]) with c < deg fc, degg, < 2c, we can eliminate all terms of degree 
lessthanj/2incj(l+y,z)-(:), i = 1, . . . , 1, without modifying the degree j term. So 
we can obtain the symmetric polynomial functions hj (1 + y, z) as desired. This proves 
the lemma. 0 
Now we consider Jil,...lkL (ICI > 1). 
Proposition 1.4. Suppose m 3 1, with let m < 21cl < n. If (“‘i”) (i = 1,. . . ,1) are all 
equal to each other whenever a, b < m, and 
k 
2 
> (2[59 +3)(k:, - 1) 
[=$I+1 ’ 
then J~l~...~‘l c &‘(s > n - 2/q). 
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Proof. Let cr E Jk,‘...>lcl. Let M” be the representation of CI and T be the involution 
on Mn, such that the fixed point set of (M”, T) is uf=, Fnpki. Now consider Wwa = 
W(2il+~,...,2i,+1,2j,,...,2jt)~ with 
14 = 2(2i, + 1) + 52/o = ?z and s > n - 2/q 
CX=l +=I 
When 2i, + 1 < m, we choose hzi,+, (1 + y, z) for all Ici as in the Lemma 1.3. 
When 2i, + 1 > m and for 2jp, let Ic, replace Ic in [2, p. 323, Lemma] and take both 
hzi,+, (1 + y, z) and hzj, (1 + y, z) as in [2, p. 323, Lemma], it is easy to see that here 
hzi,+, (1 + y, z) and h2j, (1 + y, z) have the indicated properties for Ic,, but these may 
fail for Ici (i = 2,. . . , I) because 2i, + 1 > m and 2jp (/3 = 1,. . . , t) may exceed m. 
Using [2, p. 309, Theorem], we have 
w,cy = & (h2i,+,...h2i,+,h2j,...h2~t)(l+~,,...il+~k,,~,,...,-tn-k,) 
i=l (1 fYl)(l +y2)...(1+ Yk,) 
x [F-k*]. 
According to the Lemma 1.2 again, we can conclude that 
min{deg(hzi,+, . . . &,+I)(1 + Y, z,} 3 n - 
(2[?] + 3)(k, - 1) 
[q-t1 
and thus 
min{deg(hu,+, . . .hi,+,hzj, . ..hzj.)(l + y,z)} > n- 
(2[“2=-‘] +3)(Ic, - 1) 
[+I+’ . 
Furthermore, for 
Ic2 > (2[?1 +3)@, - 1) 
[VI+1 ’ 
we obtain 
min{deg(h2il+l...h2i~+lh2j, . ..h.?j,)(l + y,z)} > n-lci (i=2,...,1). 
Hence 
k (&,+I . ..h.+,bj, . ..hjt)(l +YI,... , 1 +ylc,,z,,. ..,zn-k,) 
(1 + !/I)(1 + Y2) . (1 + Yk.) 
[F”-“‘1 
i=2 
= 0. (*I 
Finally, using the proof of [2, p. 324, Proposition] and the formula (*), it follows that 
= (h2i1+1 . ..h2i,+,h2j,...h2jt)(l+y, ,..., l+yk,,z I,..., z,-kl) 
(l +Yl)(1+!/2).'.(1 +Yk,) 
[F”-“‘1 
=o (s>n-22k,). 
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Therefore, by the Proposition 1.1, we obtain o E A?’ (s > n - 21ci), and the result 
holds. 0 
2. The main results 
Yue Qingqi [3] proved that 
k _ Proposition 2.1. (i) For even k, J,, - (1, (n-2k+2); (ii)for o&j k, Jk = J;I ” Ap-2k+2), 
Now we consider the subgroup J,“I,...,“l (kl > 1). 
(I). When Ici (i = 1, . . . , I) are all even, from the Propositions 1.4, 2.1 and property (b) 
in the Introduction, we immediately obtain the following result: 
Theorem 2.2. Suppose m 3 1, m < 21cl < n and Ici (i = 1,. . ,l) are all even. If 
(“%i”) (i = 1,. . , I) are all equal to each other whenever a, b < m, and 
k2 > (2PgWl - 1) 
2 +1 ’ 
then Jh>...>h = J”’ 
n R. . 
Some special cases of Theorem 2.2 are the following: 
Example 1. If ki = 2ti (i = 1,. . . , Z), and Ic2 > 3(ki - l), then J$!...,‘l = J$. 
Example 2. If Ici = 4t, + 2 (i = 1,. . . ,1) and Ic2 > :(/cl - l), then Jnl>...lkl = Jkl. 
(II). When Ici (i = 1, . . . , 1) are all odd, we have the following lemma. 
Lemma 2.3. If either k, = 4t, + 1 or k, = 41, + 3, p = 1, . . . , 1, then J~l~~~~~Icl c 5:.
Proof. Let LY E J,“l~~..~k 1. In order to prove cy E Ji, we need show 
kV,jlV7~-_3(CY) = W,i-5W~_iSs(cY) = 0, 0 < j < n, 5 < i < 72. 
(See [4, Proposition 4.41.) Kosniowski and Stong [2] proved that W~lVwn--)(~) = 0. 
Hence we need merely to check W~-5Wn_iSs(o) = 0. Since cx E Jkl(,.,,kr, there exists 
a representative Mn of Q and an involution T on M”, such that the fixed point set of 
T is uf=, Fneki. We proceed as follows: 
Case (i). For L, = 41, + 3, take 
f(X)= (Cl(Z)+ l)i-"(~n-i(~)+~7L-i--I(~))(SS(~)+ 1) 
+(al(z)+ l)i-5(a,,-i(z)+a,-i+l(rc)+a,,-,+2(s) 
+ on-i+3(Z) +6-i+&)). 
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Using [2, p. 309, Theorem], we have the following formula 
IV;-W,_iSS(cr) = f(x)[AP] 
= 
0 
Ol(lc) + l)i-5(G-i(~) +an-z-,(z))(Ss(z) + I) 
+(cr, (z) + l)i-s ((T,,_i(Z) 
+ gTL--z+I (x) + 6,,-,+2(x) + 
Again using the fact (see [2]) that 
~d(l+Y1,...,l+Yk~,zI,...,zll-lc,) 
=C( tti - C c+e<d d-c-e > ~c(Yl,...,Ylk,)~e(Zlr...,Zn--k,), 
by direct computations, we conclude that 
((cr,(z) + l)i-s(cL~(z) + C&_,(x))(S.5(C?:) + l))[kP] 
= &(g, (YI + g, (x,)i-s (G--l--kp+, (#(Y) 
p=l 
+ G-i-!cp+2(Z)&Y) + L-k++3(Z)$(Y)) [F”+q, (1) 
Notice that the above formula (2) is equal to zero because deg((g, (a~) + l)i-“~7L-i+4(x)) 
< 71, and the same consideration will be used in the following calculations. 
0 = ((g, (x) + 1)1-s0n-1+3(~,) [APL] 
=&(Y) +o,(z))p-s %--k*+4(Z)m (y)) [F+q, 
p=l 
(3) 
(4) 
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0 = ((0, (x) + l)i-sa,-i+l (z)) [iW] 
=&7(y) +a,(z)y( g’n 2 kp+2M(d(Y) + g1 (Yk2(Y) + Q(Y)) - - 
p=l 
+ G-z-kp+3(4f72(Y))) [Fn--kq, (5) 
0 = ((01 (xl) + l)i-5&&)) [MrL] 
= -&( (a, (Y) + g1 (q-’ 
p=l 
x (G-i-k,+l(+f(Y) + k-!c,+2(4 x (0(Y) + 01 (Yb2(Y)) 
+ o.1L-i-kp+3(~)~2(Y)))[F~-kp]. (6) 
Through (1) + (2) + (3) + (4) + (5) + (6), clearly we can obtain W~-sWn_~S~(u) = 0. 
Case (ii). For k, = 4t, + 1, choose 
(0 (z) + l)r-s (G-i{ x) + on-i-l(q (Ss(z) + 1). 
By computations as in the Case (i), we have 
((0.1 (x) + l)t-s(an-*(2) + gn-i-l (x,) (Ss(x) + l))[mn] = 0, 
i.e., IV;-” W,_iS~(cy) = 0. The lemma thus holds. 
Combining the Propositions 1.4, 2.1, Lemma 2.3 and Property (b) in Section 0, it at 
once follows that 
Theorem 2.4. Suppose m 3 1, with m < 2kl < n and either k, = 4ti + 1 (ti > 0) 01 
ki=4Zi+3, i= l,..., l.If(“l,“) (i= 1,. . . , l) are all equal to each other whenever 
u,b < m, and 
k2 > (2[+,+;)(k’ - ‘), 
2 +1 
then Jkl,...,kl = ~“1 ,L n 
Example 3. If either ki = 4t, + 1 (ti > 0) or ki = 41i + 3, and k2 > $(k, - I), then 
we have Jkl,...,kl = J”’ n. n 
Example 4. If either k, = 8ti + 1 (ti > 0) or ki = 8Zi + 3, and k2 > $(kl - l), then 
Jkl,...,ki = J”l 
?L 77. . 
Remark 1. It is necessary to have ti > 0 in the Theorem 2.4. If t, = 0, i.e., kl = 1, 
then the Theorem is not valid. Because JA = (0), but generally Jkk2~,-.lkf = (0) does 
not hold. For example, JA,” = JA # (0). 
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Remark 2. When lcz (i = 1, , . . , I) are all odd and ICI > 1, we must divide k, into two 
cases: either ki = 4ti + 1 or k, = 41, + 3, i = 1, . . . ,1. This is because Jiz+1,4S+3 (or 
54”+‘,4t+1) c J;z 
n IS not true. For example, we construct the following vector bundle 
(5% -+ *) L. (x $2R + R!q2)), 
where X + RlP(2) is a canonical line bundle over RIP(2), and * denotes a point. From 
[2, p. 328, Section 11, Proposition], we know the following fact: “Let {(Fn-“, u”)} 
be bundles over manifolds, 0 < k < n. A necessary and sufficient condition that the 
collection be the fixed data of an involution (M7&, T) is that 
for all f(z) of degree less than 71”. Taking 
fl (x) = 01 (x), h(s) = &,, h(x) = g2(2), f4(2) = a(x), 
h(x) = ++ f6(z) = ~l(~b?(~), f7(z) = C+(z), fS(z) = ++2(5), 
f9(x) = g4(5), fl0 = Cl (x)Ti(x), f-II(~) = &+ 
respectively, by direct computations, fi(z) (i = 1,. . . , 11) satisfy the necessary and 
sufficient condition of the above fact, then there exists an involution (MS, 7’) such that 
the normal bundle to the fixed point set of (M5, 7’) is (5R + *)U(X@2R + RIP(2)), i.e., 
{MS} E J:‘“. Using [2, p. 309, Theorem] again, by the examination of the characteristic 
numbers, we conclude that {A@} = {RP(2,0,0,0)}, that is {RP(2,0,0,0)) E J:*‘, but 
it is known very well that {RP(2,0,0,0)} # Jj’. 
From [2, p. 309, Theorem and Proposition (Boardman)], we have 
Theorem 2.5 (Boardman). If 3n < 5k,, then the group J,kla...>‘l is trivial, i.e., 
Jh,...,h = (0): 
n 
Remark 3. In [2, p. 309, Proposition (Boardman)], if we change the condition dim M > 
sdim F into dim M = Gdim F, generally, the result doesn’t hold. An example follows 
from the Remark 2, that is {RP(2,0,0,0)} E J;‘“, but {lF@‘(2,0,0,0)} # 0. But if we 
add the condition that M bounds again, when dim M = idim F, the result still holds 
and the proof is easy. That is the following: 
Proposition 2.6. Let (M, T) be a smooth involution with dim M = idim F, and 
M bounds. Then (M, T) bounds as manifold with involution. 
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